Finite-element modelling of seismic wave propagation on tetrahedra requires meshes that accurately follow interfaces between impedance contrasts or surface topography and have element sizes proportional to the local velocity. We explain a mesh generation approach by example. Starting from a finite-difference representation of the velocity model, triangulated surfaces are generated along impedance discontinuities. These define subdomains that are meshed independently and in parallel, honouring the local velocity values. The resulting volumetric meshes are merged into a single mesh. The approach is flexible, efficient, scalable and capable of producing quality meshes.
Introduction
3-D seismic wavefield computations with the finite-element method (FEM) are becoming more common nowadays (Komatitsch and Tromp, 1999; Dumbser and Käser, 2006; Zhebel et al., 2011, among many others) . This is because finite-difference methods (FDM) are unable to achieve sufficient accuracy in complex geological models for sharp impedance contrasts and for a landscape with, for instance, sand dunes or mountains. For such problems, the FEM, which is able to accurately follow both inner and outer interfaces, has significantly better accuracy at approximately the same or an even lower computational cost (Wang et al., 2010; Moczo et al., 2011) .
Explicit time-integration schemes implemented for, e.g., mass-lumped or discontinuous Galerkin FEM schemes (Mulder, 2001; Dumbser and Käser, 2006) impose quite demanding constraints on the quality of the underlying mesh. Not only should interfaces between impedance constrasts be followed accurately by element boundaries, also the diameter of the element should scale with the velocity. A low-quality mesh can severely degrade the efficiency of the FEM approach because of large spatial errors due poor element shapes or elements that are too large. Also, elements that are too small will lead to extremely small time-integration steps and a reduction in performance.
Mesh generators available in structural mechanics are not easily applicable for seismic wavefield computations. For the latter, the main geometric complexity occurs in the interior of a 3-D volume, whereas in structural mechanics, the outer shape of a volume is the primary target of interest, so that the element sizing is completely governed by geometry constraints. There are, however, more similarities to the seismic case in the area of scientific volume visualisation (Zhou et al., 1997; Cignoni et al., 1998 , for instance).
The complexity in mesh generation for seismic applications is due to sharp and abruptly varying interfaces and a large modeling volume. Mesh generation becomes even more complex if there is a large number of interfaces and if they have multiple intersections. Moreover, to have the equivalent of a fixed number of points per wavelength as is common with finite differences and to have all elements running at not too small a timestep, the element size should be proportional to the local velocity.
We will explain our tetrahedral mesh generation approach by example, starting from a relatively complex and more or less realistic velocity model specified on a finite-difference grid. (Zhebel et al., 2011) .
Method
The original 3-D velocity model was given on a finite-difference grid with 447×223×256 points in (x, y, z) and a grid spacing of 20 m, shown in Figure 1(a) . A direct application of a mesh generator to the model would result in a poor quality mesh because of the discontinuities in the medium properties. Also, the problem size may lead to inefficiency, because the computational cost of some of the algorithms for mesh improvement and optimization increases rapidly with the number of initial elements, faster than linearly and sometimes even exponentially. This may result in a mesh generator that takes much longer to run than the finite-element computations. The approach described here is able to accomplish the meshing in a reasonably short time.
The first step is the extraction of the interfaces, the surfaces that describe the discontinuities in the velocity model. These are initially represented as point sets in relation to the original finite-difference grid. The interfaces, together with planar faces on the boundaries of the domain, partition the global domain into subdomains that are topologically equivalent to a cube or torus as in the current example, or a body with multiple holes in more complex cases. Note that, prior to the first step, the global domain can be divided into a few blocks in order to accelerate the whole meshing procedure. Secondly, the sampled grid representations of the interfaces are transformed into triangulated surface meshes bounding the subdomains. These should be identical over the shared areas and edges of neighbouring subdomains. Note that step 1 and 2 can be skipped if the initial model is already specified in a surface mesh form, which still may require remeshing.
The third step is to disassemble the model into a number of interconnected volumes, whose connectivity is accomplished via the compatible triangulated surface meshes. As a fourth step, one has to generate volumetric tetrahedral meshes using the surface meshes as input to a 3-D mesh generator, described below. The size of the tetrahedra is controlled by either the velocity fields enclosed in the subdomains or by the surface mesh sizes of nearby interfaces. The fifth step is to merge the meshed subdomains together, producing the final mesh.
This approach has a number of advantages: (a) it can be directly parallelized in straight-forward manner, since each volume and each surface can be meshed independently, thereby reducing the total meshing time; (b) further mesh adjustments and optimization can be applied locally for each subdomain; (c) if the quality of surfaces meshes is good enough, then the overall mesh can be easily refined or coarsened by applying the corresponding operations to the surface and volumetric meshes.
Results
We will follow the outlined approach to build a mesh for the model shown in Figure 1 . The first step, extracting the interfaces, can be accomplished by computing the numerical gradient of the velocity field on the grid and selecting points where it is large. Also, the gradient direction has to be determined in order to select the proper points, i.e., points that actually belong to a particular interface. This can be quite challenging in areas where interfaces intersect each other, for instance, close to the salt body, the mushroom-shaped object on the left side in Figure 1 . In this example, tracing the shape of a salt body was the most complex task, alleviated by the fact that the velocity was a constant 4.5 km/s inside the diapir. Seismic interpretation and model building software is, or course, available for that task, providing surface meshes as input, but we wanted to have the additional flexibility handling gridded models. Figure 3(a) shows the extracted salt body. As soon as the shape of an inner inclusion is determined, tour of each boundary surface consists of two linear vertical segments and undulating curves at top and bottom. The corresponding surface mesh is generated in two steps that have to be iteratively repeated. First, trial points are injected inside the contour according to some heuristic, e.g., moving boundary fronts. Secondly, after the triangulation of the initial point set, a truss system is introduced in which each triangulation edge corresponds to a non-linear spring with an equilibrium length proportional to the local velocity value. A few iterations of such a system towards equilibrium suffice to achieve a good quality surface mesh, as confirmed by and assembled, it can be sent as input to a tetrahedral mesh generator that is actually able to handle such input, for example, the mesher by Computing Objects (2010). The final tetrahedral mesh, after merging the subdomain meshes, is shown in Figure 5 .
Conclusions
We have described an approach for 3-D tetrahedral mesh generation and applied it to a non-trivial geological model with large velocity contrasts. Domain decomposition was applied to construct a tetrahedral mesh of good quality, following interface boundaries and having element sizes proportional to the local velocity.
